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ABSTRACT We give an interpretation of the bilateral exit problem for 
Levy processes via the study of an elementary Markov chain. We exhibit 
a strong connection between this problem and Krein's theory on strings. 
For instance, for symmetric Levy processes with bounded variations, the 
Levy exponent is the correspondant spectral density and the Wiener-Hopf 
factorization turns out to be a version of Krein's entropy formula. 

1 Wiener-Hopf factorization conditionned by 
the amplitude 

Let 3^) be the canonical path space of real valued functions with finite or 
infinite life time X the canonical process, X the dual process —X. Denote 
by P the law of a Levy process and Q the "law" of X killed either at an 
exponential time or at a "Lebesgue" time. In other words Q is either : 
("First case") : 

r" + 00 



Qidw) = / P{{Xs)sem e dw)e-'dt 
Jo 



or ("Second case") : 

>+oo 



r+oo 

Q{dw) = / P((X,),6[o,t[ G dw)dt 
Jo 



Let us define 

F := X^{ = the final value of the canonical process) 



1 



M := supjXj; t G [0, ([} (= the maximum value) 
m := mi{Xt; t G [0, ([} (=the minimum value) 

Then 

M — m is the amplitude. 

In the sequel, we exclude compound Poisson processes so that the time t 
when Xt is at its mimimum value is unique and denoted by p. 

Let be the "law after the minimum " , more precisely, in the first case 

Q\dw) = Q{{Xs+p - m)se[o,(:~p[ e dw) 
and in the second case, 

Q^dw) = P( f Mx,-x,.,),,,,,,ed^L{dt)) 
Jo 

where L is a local time at of the reflected process sup^gjg.t] ^s — ^t, {Q^{dw) 
is thus defined up to a multiplicative constant ): 

The following independence property (in both cases) is well known : 

Q((Xp"_, - m)se[o,p[ e dwi), (X^+p - m),g[o,^_p[ G dw2) = Cl^dwi)Q^dw2) 

Proposition 1 In both cases and for every a; > ; 
Q(-m G du, M-m < x, F-m G dv) = Qi\M <x,F & du)q} {M <x,F e dv) 

Argument : The event M — m < xis the intersection of the two events : 
"The amplitude before the minimum does not exceed x" and "the amplitude 
after the minimum does not exceed x" . The result then follows easily from 
the indepandence property given above. 

The purpose of the sequel is to give information on the two laws Q^(M < 
x, F G dv) and Q^(M < x, F G du) for every x > 0. They are obviously 
a caracterization of the bilateral problem or equivalently of the law of the 
trivariate variable (— m, M, F). 

2 An elementary Markov Chain 

Denote : 

Tq = p 

Zi = snp{Xt - m ; t > p} {TJ = {t ; Xt^ X^ - m = Zi} 
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etc. Note that 



m 

n=l 



Zi >0,Z2 <0,..., \Zn\>\Zn+l\ J2^' = ^ 

let 

//(dx) := Q^(M e dx) = Q(Zi G dx) 
:= QT(M <x) = Q(Zi < x) = (^(x, 0) 
We obtain easily the next two propositions 

Proposition 2 : (Z„) is a Markov chain whose transition kernel is 

P{x, dy) = ^^-^lye[~x,o] for x > 
H{x) 

P(x, dy) = ^^^\ y(.[o-x\ for X < 

Put 

0(x,A) := q}{M < x,e-^^) = Q(Zi < x,e-^^-i^") 
Proposition 3 : For every A G C , 

(/){dx, A) = e"^^'0(x, -A) 



Ax 7/ ..H{dx) 



H{x 

^{dx, -A) = e^^(/.(x, A) 



Ax ,^H{dx) 



H{x) 
For X — >■ 0^ ; 

0(x,A)~i/(x) 0(x,A)~i^(x) 
For X +00 anc? \ E iR : 

</.(x, A) = Q^e-^^) -A) = Q^e^^) 
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3 An example : Stable processes killed at a 
Lebesgue time 

In this section X is a standard stable process under P and 

r+oo 

Q{dw):= / P{{X,)se[o,t[^dw)dt 
Jo 

Let a denote the stabihty index, 

7 := aP(Xi > 0) 6:= aP(Xi < 0) 

Theorem : For some constant k g]0, +oo[, we have the identity 

A) = k.x'^P^^s+iW 

Argument : It is clear that in the case involved, the functions H and H 
are of the form H{x) = cx^ and H[x) = cx^ (c, c g]0, +oo[). When iterating 
the differential system given in proposition 3, one gets that the function 
X 1-^ 0(2;, A) satisfies the confluent hypergeometric equation whose solutions 
are known. 

Consequences (essentially [Rogozin]) 

1) 

P(/o^°"lx.-inf.„o,,X.<l6^L,) r(^+l) 

PU7^lx.<idL,) r(a + l) 

where Ldenote a local time at of the reflected process sup^gjg.t] ^s—^tj 
2) Under Q^, and M are independant and = (3^+i^s{t)dt 

r%(5,<..-,<,M..£(i±iffl^.v 

4) 

b 

p(r'^<T,)= f'^^' (3^4t)dt 

Jo 

(T-^ = inf{t; Xt >a} T, = inf{t; Xt < -h}). 
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4 A survey of Krein theory on strings 

Put 

M:= {m: [0, +oo[^ [0, +oo[, m /, m([0, +oo[) = [0, +oo[} 
An element of M is called a "string" . 

T) := {A measure on [0, +oo[ such that 
A{du) A{du 



A{du) = +00} 



A(du) r A(du) r 

An element of 2) is called a "spectral measure" . 

FACTS 

For every string m e M, we have the following properties, 
1 ) For every A > 0, the equation 

d"^ 



dmdx 

admits a unique solution (called "A-solution") with conditions 

A{0) = 1 and A'{0) = 
and a unique solution (called "D-solution" ) with conditions 

D'{0) = -1 and D{+oo) = 

2) 

3) There exists a unique A G ("the spectral measure of the string m"), 
such that for every A > ; 

0(0, A) 2 



TT 



m2 + A2 



moreover m ^ A is a bijection from M onto D 
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5 When X is symmetric and 




dt < +(X) 



From now on, we suppose that X is symmetric. Let 



and -0 be the exponent of the Levy process : 

P(e~™^') =: e"*'^'-"-* 

Theorem We suppose that s{x) < +00 for every x > 0. 
1 ) There exists a unique string m G M such that 



(six)) = £ ^dt 



2) The A-solution associated to m is given by : 




3) The spectral measure associated to m is {i/j{u) + l)du in the first case 
and ilj{u)du in the second case. 

Argument : 1) is trivial. 

2) is a consequence of elementary transformations of the differential sys- 
tem given in proposition 3. 

In next section, we give a summary of the proof of 3) in the first case. 
The second case follows when varying the rate of killing (replace the rate 1 
of the independant exponential time when the Levy process X is killed by 
//, any positive constant) and then make ^ go to 0. 

Proposition The following four assertions are equivalent : 



Argument The equivalence between the properties {i) and (i') is trivial, 
the equivalence between (i) and (n) has been proved by Vigon in his thesis. 
The equivalence between [i) and [iii] follows easily from the previous 




(z) ^l}{u)du e V 
{{') {ij{u) + l)du e T) 
the paths of X have hounded variation 





theorem. 
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6 Proof of part 3 of the theorem 

Lemma 1 In the first case and for any Levy process, we have for A > 

1 /'"^°° 1 1 

-logQ^(e-^-^) = — / \og{^{u) + 1)(— — Y - —)du 



and if X is symmetric : 

n Jq -u^ _|_ \ 

Argument for A G iR, the independence property of trajectories before 
and after the minimum (see first section) gives the equahty : 

-logQ(e"^^) = -logQT(e"^^) -logQT(e^^) 

One can prove that A i— > — logQ(e~^^) is the the exponent of a Levy 
process with bounded variation and no drift and that the above equahty 
is its decomposition into a sum of the exponent of a subordinator and the 
exponent of the opposite of a subordinator. Then extract — log Q^(e~'^^) 
from — logQ(e~'^^) by a (sort of) Stieljes transform. 

Lemma 2 [Krein's Entropy Formula] When A{du) = A'{u)du, one gets 
2A r°°lo^AMrf^= log(-e2^-^-'(^)D'(x,A)D(x,A))+logA 

TT Jo + A^ x^+oo 

Final Argument We have noticed previously that 

p+oo 

D{x)=A{x) -rrrrdt and A{s{x)) ^ e^^Q^ {e~^^) (x ^ +oo) 
Jx ^ W 



With the help of these two properties, one can easily find out that the 
second member of lemma 2 is equal to — log Q^(e~^^). Lemma 1 then gives 
the equality A'{u) = ip{u) + 1 by identification. 

7 When X is symmetric and has unbounded 
variations 



In that case, we have s{x) = j^^dt = +oo. But one still can define : 
A{x) 



e^^(j){x, A) + e~^^(j){x, -A) 



H{x) 
7 



r+°° 1 1 
D(x) := A(x) / ^ TT^dt 

Notice that b{x) g]0, +oo[ for every x > but £)(0) = +oo. 

Still we have that the measure du is in D (this is true for any sym- 

metric Levy process ). Denote by Di the D-solution associated to this spec- 
tral measure ^''o IV du. 

And define 

1 D{x,l) 
^ ' E\x) -D<{x,\) 

Theorem [ Adaptation of " Rule 4 " of Dym-Mac Kean ] : 
t is increasing, t{0~^) = and t(+oo) = -|-oo and, 

Di(t(x),A) ^ 1 / D{x,X) D{x,l) \ 
-D'{x,\) X^-1\-D'{x,\) -D'{x,l)J 

Remark 

The Brownian case can be computed through the solution corresponding 
to the spectral measure A{du) = du G D\\\ 
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